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• Inflation: reconstruct the properties of the initial 
conditions, and look for gravitational waves

• Dark Energy and Gravity: the growth of 
structure depends sensitively on the expansion 
history of the Universe, and the nature of 
gravity 

• Dark Matter/neutrinos: how “cold” is cold dark 
matter ? What is the sum of neutrino masses ?
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How should we do inference in 
this space?

What to vary, what to keep fixed?



The standard model of 
cosmology

• (Euclidean) νΛCDM

• not counting astrophysics parameters

•Assumptions/issues:

• Assume simple inflation prior (Euclidean; scale-invariant 
PR(k); purely adiabatic perturbations)

• We don’t really know what we are parametrizing with ωc

• Assume cosmological constant 

• Assume specific neutrino mass ordering
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Neutrino masses
• Part of the standard model — but current 

Mν constraints sensitive to model 
extensions

• Model-independent constraints possible 
using scale-dependent suppression, but 
these are much weaker and will remain so 
for some time

• Sources of constraint depend strongly on 
details of dataset combination — lots of 
possibilities for confusion; clear and careful 
phrasing essential

• Also prior dependence of course…
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Figure 1: Forecasted 1� constraints on M⌫ for various cosmological models, using the full
NLO galaxy power spectrum for Euclid. This represents the most optimistic forecast and
inherently includes BAO, RSD and shape information. The CMB prior combines the tem-
perature power spectrum from Planck with a forecasted polarisation power spectrum from
Simons Observatory (see Section 2.2). The left panel shows the constraints with a 1� prior
on ⌧ of 0.008 (from Planck 2018 [10]), and the right panel shows how the constraints would
improve if ⌧ were perfectly constrained through some external experiment. In both cases, the
dotted tick marks show the constraints if linear theory was asssumed for the galaxy power
spectrum (with the same kmax of 0.2 h Mpc�1). Note that CMB lensing is neglected here but
included in Figure 4.

Figure 2: The log derivatives of the NLO galaxy power spectrum (for µ = 0.75) with respect
to M⌫ and the nine nuisance parameters at z = 1.35 (the central redshift of Euclid). A contant
factor of 1.0 has been subtracted in the b1 case and the stochastic parameter derivatives have
been rescaled by a multiplicative factor (see the legend) for the readability of the plot.

– 8 –

0.00 0.02 0.04 0.06 0.08 0.10 0.12
�(M�) [eV]

⇤CDM
+w0

+⌦k

+w0, ⌦k

+w0, wa

+⌦k, w0, wa

Combined + CMB Lensing (�(�) = 0.008)

0.00 0.02 0.04 0.06 0.08 0.10 0.12
�(M�) [eV]

⇤CDM
+w0

+⌦k

+w0, ⌦k

+w0, wa

+⌦k, w0, wa

Combined + CMB Lensing (� fixed)

Figure 4: The NLO combined constraints with and without CMB lensing. The cross corre-
lation between galaxies and CMB lensing is also included but has very little effect. The same
results for the tree-level galaxy power spectrum and linear CMB lensing power spectrum are
shown as the vertical tick marks. Comparing to Figure 1, one sees that CMB lensing plays
a much more substantial role when combined with the 1-loop power spectrum, by helping to
break degeneracies between the cosmological parameters and the large number of nuisance
parameters. Once these degeneracies are under control, we see in the right panel that the
optical depth to reionisation ⌧ becomes a significant driver of the neutrino mass constraint
once again.

In this way, these two bias parameters behave like a single effective parameter in this case.
P {0}

✏ is also strongly correlated with bK2 .

Fixing b1 and the two tidal bias parameters improves the constraint to within 20% of
that in the linear case. Fixing, for example, b1, Cr2� and �r2v achieves a similar constraint.
Because the bias parameters are so correlated, adding priors on a few of them has a signifi-
cant effect on the constraints on the others and therefore on the constraint on M⌫ . Robust
theoretical priors on the NLO bias parameters could potentially have a significant impact
in closing the gap between these results and those derived for the linear power spectrum.
Alternatively, measurements of the bispectrum could help reduce the uncertainty on b1.

In [14], we showed that future CMB lensing data will add little to the combined con-
straints on the neutrino mass from large-scale structure measurements. However, as the NLO
constraints are weakened, it is likely that the relative contribution from CMB lensing will be
more substantial. The CMB lensing power spectrum is a function of the total matter power
spectrum (including neutrino perturbations) and therefore measurements are unencumbered
by the new galaxy power spectrum parameters introduced.

Figure 4 shows how the addition of forecast CMB lensing data from Simons Observatory
could improve the NLO constraints. CMB lensing contributes primarily by breaking degen-
eracies between the nuisance parameters and the cosmological parameters (see also Figure
3). It also reduces the cosmology dependence of the constraints. The galaxy-CMB lensing
cross power spectrum is also included here, but makes very little contribution. Interestingly,
once information from CMB lensing is added and the degeneracies between M⌫ and the bias
parameters are under control, the degeneracy with ⌧ once again becomes a significant factor
in the overall constraints. CMB lensing contributes in particular by improving constraints on
As, which in turn improves constraints on b1, which also impacts the large-scale amplitude of
the power spectrum.
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Figure 5: As Figure 1, but with the constraints derived using only the scale-dependent free-
streaming signals in the galaxy, CMB lensing and galaxy-CMB lensing power spectra as a
probe (see Section 2.3). One can see that the constraints are quite independent of all the
cosmological extensions considered in both the linear and NLO cases. These constraints are
independent of ⌧ .

Figure 6: The suppression in the matter power spectrum caused by the addition of a single
massive neutrino of mass 0.06 eV relative to the case with no massive neutrinos, for both the
linear and 1-loop/NLO cases. The relative suppression is enhanced in the NLO case. This
enhanced effect propagates into both the galaxy and CMB lensing power spectra.

3.2 Free-Streaming Constraints

Figure 5 shows the forecasted constraints on the total neutrino mass using only the scale-
dependence of the power spectrum as a constraining tool (see Section 2.3). It can be seen that
although the constraints are weakened somewhat by updating to the NLO power spectrum,
they remain independent of changes in curvature and the dark energy equation of state.
However, they degrade from around 0.08 eV to approximately 0.11 eV. This is a smaller
relative change than in the combined case.

Interestingly, fixing all of the new nuisance parameters in the NLO case improves the
constraint only to around 0.1 eV. From Figure 6, we can see that the free-streaming signal is
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Inflation: CMB
• We need to assume some form of prior in model space

• Luckily, inflation scenarios largely divide into two classes 
(Braglia):

• Single dominant d.o.f.: r potentially detectable; fNLloc=0

• > 1 light d.o.f. which mix: r~0; fNLloc detectable

• Fine to ignore fNL in ns-r constraints

• CMB: template correlations in PNG searches need to be 
considered

• cf. fNLortho in EFT of single-field inflation

• quasi-single-field / collider signatures



Inflation: LSS
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Table 1. Numerical values of b1 and bω of the simulated galaxy samples used in this work. The columns for
Mt, M→, g → r, ṀBH and ng,8 are for splits of a galaxy sample with b1 = 2.7 and bω = 4.5. The column for
c200 is for a split of a halo sample with b1 = 2.7 and bω = 5.3. All samples are at z = 1 and the full sample
has n̄g = 2 ↑ 10↑4 h3/Mpc3. All splits are at equal number density n̄A

g = n̄B
g = n̄g/2 using the 50% highest

(sample A) and lowest (sample B) values of each property. The last line lists the parameter combination
|bB1 bAω → bA1 b

B
ω | that controls the constraining power of multi-tracer analyses on fnl (cf. Eq. (2.7)).

Figure 2. Improvements on the significance of detection (SoD) of fnl ↓= 0 for several equal-number multi-
tracer (MT) splits using halos and galaxies in simulations. The full sample is obtained with a minimum total
mass cut that results in n̄g = 2↑ 10↑4 h3/Mpc3 at z = 1. The two sub-samples are constructed by splitting
this sample in half according to the values of di!erent galaxy properties, as labeled: total mass Mt, stellar
mass M→, g → r color, black hole mass accretion rate ṀBH, and environmental density ng,8. The resulting b1
and bω values are marked on the left panel and in Tab. 1. The solid line and filled symbols in the right panel
show the improvement on the significance-of-detection (SoD) of fnl relative to single-tracer (ST) from Fisher
forecasts for a survey with VS = 100 Gpc3/h3 at z = 1. The dotted line and open symbols show the same but
assuming the universality relation to highlight the gains from taking into account the true bias parameters.

10↑4
h
3
/Mpc3.2 This sample is then split into two sub-samples that have the 50% lowest and highest

values of di!erent galaxy properties. We consider splits by: (i) total mass Mt, (ii) stellar mass M→,
(iii) g → r color, (iv) black hole mass accretion rate ṀBH and (v) environmental density ng,8, defined
as the number density of neighbour galaxies within 8 Mpc/h, which we estimate using the method of
Ref. [37]. In addition, we consider also a main halo population constructed in the same way, but split
into two by their Navarro-Frenk-White c200 concentration [28]. Our halo results are for a gravity-only
simulation with Lbox = 560 Mpc/h and Np = 12503 tracer particles, while our galaxy results are for
simulations with IllustrisTNG with Lbox = 205 Mpc/h and Np = 2↑ 12503. The cosmology of these
simulations is the same as that adopted in this paper, except that fnl = 0 (cf. Sec. 1).

The left panel of Fig. 2 shows the b1 and bω values of all these samples, as labeled; they are also
listed in Tab. 1. The value for the full sample is identified by where all lines intercept (except the
orange one for c200). The orange line for c200 for halos does not intersect the same point because
the full halo population has slightly di!erent bias values compared to the full galaxy sample. A
remarkable aspect of the result is that di!erent ways to split the same galaxy sample into two equal

2
We have repeated the analysis for z = 0, 0.5, 1, 2, 3, as well as for higher (n̄g = 5 → 10

↑4 h3/Mpc
3
) and lower

(n̄g = 1 → 10
↑4 h3/Mpc

3
) number densities, and found qualitatively consistent results. Analyses with a full sample

selected by a minimum stellar mass cut revealed also the same main takeaway points.
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Figure 3. Constraints on fnl using the BOSS DR12 galaxy power spectrum for di↵erent fixed b�(b1) relations.
The result is shown for di↵erent values of p in the parametrization b�(b1) = 2�c(b1 � p). The upper left panel
shows the one-dimensional 1� marginalized constraints, the lower left panel plots �fnl vs. p, and the right
panel shows the actual probability distribution for a few of the p values. Marked also in the panels are
the constraints obtained by Refs. [34, 35] using the same galaxies (we show only their power-spectrum-only
results for comparison, but note they also utilize 3-point function information in their analysis). The takeaway
message is that di↵erent assumptions on the uncertain value of p result in di↵erent inferred precisions on fnl.

2� marginalized constraints on the bNGCz3
1 �fnl plane, where we note that the p = 2 case comfortably

brackets the true value of fnl = 0. Another indication that the p = 2 constraints on fnl are prone
to projection e↵ects is the fact that the marginalized mean (circle) is far o↵ from the maximum
(unmarginalized) likelihood value (star). Note also that despite displaying unbiased 1� constraints,
the p = 1.6 case (cyan) is also likely a↵ected by projection e↵ects.

The lower left panel of Fig. 2 shows just the dependence of the inferred precision �fnl on the
assumed value of the parameter p. For the values of b1 ⇡ 1.8� 2 that characterize the Patchy galaxy
samples, p = �1 results in the largest values of b�, and thus in the tightest constraints on fnl. The
constraints become looser as p increases to values comparable to the values of b1, but they become
tighter beyond that as p increases to yield more negative values of b� (a point beyond which the
mean constraints on fnl switch sign). Indeed, as we have anticipated in our considerations above,
the di↵erent values of p result in di↵erent amplitudes for the galaxy bias parameter b�, which in turn
result in di↵erent error bars on fnl. We continue this discussion next using the BOSS DR12 data.

3 Results from BOSS DR12

In this section we present and discuss our main results on the impact of the b� parameter on local
PNG constraints using the BOSS DR12 galaxy power spectrum. We discuss first in Sec. 3.1 the
impact of di↵erent fixed choices of the parameter p in the parametrization b�(b1) = 2�c(b1 � p),
and then in Sec. 3.2 the impact of marginalizing over p. In Sec. 3.3 we show the constraints on the
parameter combination fnlb�, which is what can strictly be constrained by the data independently of
prior assumptions on galaxy bias.

3.1 Results from fixed b�(b1) relations

Figure 3 shows the one-dimensional 1� marginalized constraints on fnl obtained with the DR12
galaxy power spectrum, assuming di↵erent fixed values of the parameter p in the parametrization
b�(b1) = 2�c(b1 � p). Figure 7 in App. A shows a corner plot with the one- and two-dimensional
marginalized constraints for the full parameter space. The result shown is for the analysis with
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Barreira, Krause (2023)
Barreira (2022), …

• Current fNLloc constraints from LSS 
(scale-dependent bias) fix ΛCDM 
parameters and bφ , where the data 
constrain only bφ*fNLloc 

• This really is no longer ok…

• Of these, bφ is the more difficult 
problem; we need informative priors 
to obtain constraints on fNLloc

• Issue also in kSZ, measuring 
momentum of ionized gas (biased)

• More work needed!



Inflation: LSS

• Moreover, fNLloc signature 
exactly degenerate with gNLloc 
and compensated 
isocurvature modes

• Both expected in general for 
multifield inflation
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↑4 h3/Mpc
3
) and lower

(n̄g = 1 → 10
↑4 h3/Mpc

3
) number densities, and found qualitatively consistent results. Analyses with a full sample

selected by a minimum stellar mass cut revealed also the same main takeaway points.

– 5 –

Figure 3. Constraints on fnl using the BOSS DR12 galaxy power spectrum for di↵erent fixed b�(b1) relations.
The result is shown for di↵erent values of p in the parametrization b�(b1) = 2�c(b1 � p). The upper left panel
shows the one-dimensional 1� marginalized constraints, the lower left panel plots �fnl vs. p, and the right
panel shows the actual probability distribution for a few of the p values. Marked also in the panels are
the constraints obtained by Refs. [34, 35] using the same galaxies (we show only their power-spectrum-only
results for comparison, but note they also utilize 3-point function information in their analysis). The takeaway
message is that di↵erent assumptions on the uncertain value of p result in di↵erent inferred precisions on fnl.

2� marginalized constraints on the bNGCz3
1 �fnl plane, where we note that the p = 2 case comfortably

brackets the true value of fnl = 0. Another indication that the p = 2 constraints on fnl are prone
to projection e↵ects is the fact that the marginalized mean (circle) is far o↵ from the maximum
(unmarginalized) likelihood value (star). Note also that despite displaying unbiased 1� constraints,
the p = 1.6 case (cyan) is also likely a↵ected by projection e↵ects.

The lower left panel of Fig. 2 shows just the dependence of the inferred precision �fnl on the
assumed value of the parameter p. For the values of b1 ⇡ 1.8� 2 that characterize the Patchy galaxy
samples, p = �1 results in the largest values of b�, and thus in the tightest constraints on fnl. The
constraints become looser as p increases to values comparable to the values of b1, but they become
tighter beyond that as p increases to yield more negative values of b� (a point beyond which the
mean constraints on fnl switch sign). Indeed, as we have anticipated in our considerations above,
the di↵erent values of p result in di↵erent amplitudes for the galaxy bias parameter b�, which in turn
result in di↵erent error bars on fnl. We continue this discussion next using the BOSS DR12 data.

3 Results from BOSS DR12

In this section we present and discuss our main results on the impact of the b� parameter on local
PNG constraints using the BOSS DR12 galaxy power spectrum. We discuss first in Sec. 3.1 the
impact of di↵erent fixed choices of the parameter p in the parametrization b�(b1) = 2�c(b1 � p),
and then in Sec. 3.2 the impact of marginalizing over p. In Sec. 3.3 we show the constraints on the
parameter combination fnlb�, which is what can strictly be constrained by the data independently of
prior assumptions on galaxy bias.

3.1 Results from fixed b�(b1) relations

Figure 3 shows the one-dimensional 1� marginalized constraints on fnl obtained with the DR12
galaxy power spectrum, assuming di↵erent fixed values of the parameter p in the parametrization
b�(b1) = 2�c(b1 � p). Figure 7 in App. A shows a corner plot with the one- and two-dimensional
marginalized constraints for the full parameter space. The result shown is for the analysis with
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Dark Energy
• How to parametrize dark energy beyond Λ?

• Consider concrete models

• Parametrize equation of state

• Both have issues:

• Simple quintessence models possibly too 
restrictive —> Baker; see below

• Parametrization like w0, wa can only be trusted 
over limited redshift interval
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FIG. 1. A triangle plot showing the two-dimensional, marginal-
ized w0-wa 68.3% and 95.5% confidence error contours (lower
left panel) and the one-dimensional, marginalized posterior
probability distribution functions for w0 (upper panel) and wa

(lower right panel). The di!erent colors correspond to the dif-
ferent cases considered in the present work: CPL→ (magenta),
where only w0 is varied (i.e., wDE is constant); CPL (blue),
where only w0 and wa are varied; CPL+ (orange), where only
w0, wa, and wb are varied; CPL++ (green), where w0, wa, wb,
and wc are all varied.

density distributions for w0 (upper panel) and wa (lower
right panel), as well as the two-dimensional w0-wa error
ellipses at the 68.3% and 95.5% confidence levels (lower
left panel) for our four parameterizations CPL→, CPL,
CPL+, and CPL++. Fig. 2 displays the reconstructions
of wDE(z) that result from the four parametrizatons—the
solid curves are obtained using the best-fit values of the
corresponding subset of parameters, while the colored
regions are the 1ω error bands around the best-fit curves
obtained by standard error propagation at each point:

ω
2
wDE(z) =

dwDE

dpi
Cij

dwDE

dpj
, for pi → {w0, wa, wb, wc} ,

(6)
where the correlation matrix Cij is obtained directly from
the MCMC chains after removing burn-in samples.

The contrast between the traditional CPL parametriza-
tion in blue and all three others in Fig. 1 is striking. In par-
ticular, it is clear that if one sets wb = wc = 0, then there
appears to be strong evidence against (w0, wa) = (↑1, 0),
i.e., the cosmological constant in the CPL parameteriza-
tion, as the explanation of cosmic acceleration, and in
favor of a wDE(z) with w0 far from ↑1 but a dwDE/dz < 0,
leading to phantom behavior (wDE < ↑1) at very mod-

FIG. 2. The dark energy equation-of-state parameters wDE(z)
corresponding to the four parameterizations considered in the
present work (CPL→, CPL, CPL+, and CPL++) as a function
of redshift z. The colors are as in Fig. 1, the solid curves
correspond to the best-fit values of the fitted parameters,
and the color-shaded regions show the corresponding 1ω error
regions.

erate redshifts—see the blue band in Fig. 2. However, if
one allows even one additional term in the Taylor series
(the CPL+ parametrization), then the preferred value of
wDE today is consistent with ↑1, and the preferred slope
of wDE(z) is positive. In fact, if one marginalizes over the
coe!cient wb instead of setting it to 0, then the evidence
against (w0, wa) = (↑1, 0) falls below 2ω and if one allows
two additional terms (the CPL++ parametrization) and
marginalizes over wb and wc, then the evidence against
(w0, wa) = (↑1, 0) falls below 1ω. In other words, the
data is consistent with being dominated today by constant
vacuum energy.

This is not to say that there is no evidence against a
pure cosmological constant. In Table I, we present the
Akaike information criterion (AIC) [22] for the CPL→,
CPL, CPL+, and CPL++ parameterizations, as well as
for ”CDM. We see that there is a definite decrease in
AIC for the CPL parametrization over ”CDM and CPL→,
suggesting that something in the data is arguing against
wDE(z) = ↑1. On the other hand, CPL+ has essentially
the same AIC as CPL and leads to a radically di#erent
wDE(z), especially at the range of redshifts where most
of the information is—see Figure 8 of Ref. [23]. We also
present in Table I the best-fit ε2 corresponding to ”CDM,
as well as to each of the four parametrized extensions.
The ε

2 for CPL++ is only marginally smaller than for
CPL+, and consequently the AIC is somewhat higher,
but the best-fit values of the phenomenological parame-
ters continue to shift and the shape of the reconstructed
wDE(z) changes still more.

It is perhaps appropriate at this point to note that all
of the ε

2 values in Table I are significantly lower than
the number of degrees of freedom (dof) ↓ 1600 minus

On w0-wa

• Parametrization like w0, wa can 
only be trusted over limited 
redshift interval

• Best constraints on DE from dA(z) 

• w0 ~ dA’’ ; wa ~ dA’’’ (!)

• If wa ~ 1, expect waa ~ 1 as well, 
but almost all analyses fix it to 
0…

Nesseris, Akrami, Starkman (2025)
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of Lagrangian parameters and the initial values of newly
introduced fields. Once can then compute the likelihoods
for the observational data given the model, obtain best-fit
parameter values, and make information-criteria-based
comparisons between the model and all other models,
including a simple cosmological constant. Unfortunately,
we are not yet in a situation where there is consensus
that we have identified the full set of reasonable models.
Many observational cosmologists would prefer, therefore,
to present their results in a model-agnostic form and leave
it to others to perform the subtle model comparisons nec-
essary to identify the most compelling model. Moreover,
such model-agnostic quantities may be more satisfactory
figures of merit by which to characterize an ambitious
observational program to the community and to funding
agencies.

In the context of wDE(z), a model-agnostic form means
some parametrization of this function in terms of a small
set of numbers. Several such parametrization have been
considered, but the one that is currently almost always
used to report the results of cosmological experiments
is the Chevallier-Polarski-Linder (CPL) parametrization
[9, 10]. In terms of the scale factor a of the Friedmann-
Lemâıtre-Robertson-Walker metric,

wCPL(a) = w0 + wa(1→ a) , (2)

with w0 and wa constants, i.e., it is the first-order trunca-
tion of a Taylor expansion of wDE(a) around its current
(a = 1) value. This is often rewritten in terms of redshift
z,

wDE(z) = w0 + wa
z

1 + z
, (3)

where its origin as a first-order Taylor expansion is less
transparent. Observational collaborations will thus typi-
cally report the values of w0 and wa, and include plots
of the 68.3% and 95.5% confidence error ellipses in the
w0-wa plane. These plots are then widely used to in-
fer whether the cosmological constant is the explanation
of cosmic acceleration or there is some dynamical dark
energy in play.
It is important to recall that (2) is not a theory of

dark energy, it is a two-dimensional phenomenological
parametrization of wDE(z). By projecting the data into
this low-dimensional parameter space, CPL injects infor-
mation into the data not necessarily consistent with the
observations, and not necessarily demanded by all models.
Specifically,

dp

dap
wCPL(a) = 0, ↑p ↓ Z→2

. (4)

In principal, (4) is rather an extraordinary amount of
injected information, and so the question is what the
e!ect would be of not assuming it. There are alterna-
tive parameterizations/approaches that seek to address

this problem, such as principal components [11] and sim-
ilar methods [12–15], which represent our knowledge of
wDE(z) in terms of the independent pieces of information
in the dataset; however, perhaps the simplest way to un-
derstand the e!ects of assuming (4) is to extend the CPL
parametrization to higher orders in 1→a, apply it to data,
and then marginalize over the Taylor-series coe”cients of
order two and higher.
For illustrative purposes, here we consider extended

CPL parametrizations up to third order in 1→ a:

wDE(a) = w0 +wa(1→ a)+wb(1→ a)2 +wc(1→ a)3 . (5)

We then compare four parametrizations: (a) CPL↑: w0

varying (i.e., w0 is not necessarily →1 as in #CDM) but
wa = wb = wc = 0; (b) CPL: w0 and wa varying but
wb = wc = 0; (c) CPL+: w0, wa, and wb varying but
wc = 0, marginalized over wb; and (d) CPL++: w0, wa,
wb, and wc varying, marginalized over wb and wc.

Data and method.— We use the Dark Energy Spec-
troscopic Instrument (DESI) DR1 baryon acoustic oscil-
lations (BAO) data [16], the Pantheon+ compilation of
1550 type Ia supernovae, including all systematic and
statistical uncertainties, along with a z > 0.01 cut in
order to minimize the e!ects of peculiar velocities [17],
and the Planck cosmic microwave background (CMB)
data [18] in the form of compressed distance measure-
ments at recombination, also known as CMB shift param-
eters (see Ref. [19] for details). In order to be consistent
with Ref. [16], we also assume the approximate expres-
sion of the drag-epoch sound horizon of Ref. [20] and
a Big Bang nucleosynthesis prior on the baryon density
$bh

2 = 0.02218 ± 0.00055 [21], where $b is the baryon
density parameter and h ↔ H0/(100 km s↑1 Mpc↑1), with
H0 the present value of the Hubble expansion rate H.
We have confirmed that this combination of data and
likelihoods, along with our pipelines and codes, reproduce
exactly the DESI constraints on the #CDM and CPL
parameters provided in Ref. [16].
We perform a Markov chain Monte Carlo (MCMC)

analysis of CPL↑, CPL, CPL+, and CPL++ by allowing
the matter density parameter $m, the reduced Hubble
constant h, and the w0, wa, wb, and wc parameters (de-
pending on the parametrization) to vary. With ↗ 500K
MCMC points and after ensuring that the chains are well
converged, we marginalize over wb for CPL+ and over wb

and wc for CPL++ to obtain the two-dimensional w0-wa

68.3% and 95.5% confidence contours, as well as the one-
dimensional marginalized probability density functions
for w0 and wa. From the MCMC chains we can also
obtain the covariance matrix of all the parameters, which
we then use along with standard error propagation to
obtain the best-fit and 1ω error regions for wDE(z), i.e.,
the equation-of-state parameter as a function of redshift.

Results— We present in Fig. 1 a traditional triangle
plot showing the one-dimensional posterior probability
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II. MONODROMIC DARK ENERGY

In this section, we review the main aspects of the mon-
odromic dark energy model. We refer the reader to
Ref. [27] for more details. Our starting point is a spa-
tially flat universe with a scalar field ω that drives the
late-time accelerated expansion. To accommodate a rich
set of expansion histories, including phantom crossing, we
consider a field which drives accelerated expansion via its
kinetic energy, often referred to as k-essence [39, 40].2 To
this end, we consider the following action,

S =

∫
d
4
x
→

↑g

[
1

2
M

2
PlR + p(ω, X) + Lm

]
, (1)

where M
2
Pl ↓ 1/(8εGN) is the reduced Planck mass,

p(ω, X) is a function of the scalar field, ω, and its ki-
netic energy, X ↓ ↑ 1

2g
µω

ϑµωϑωω. For convenience, we
normalize the field such that ω has units of time, or in-
verse mass, and hence X is dimensionless. We focus on a
pure k-essence model up to quadratic order in the kinetic
energy, i.e.,3

p(ω, X) = V (ω)[↑X + X
2], (2)

where the “potential” is given by

V (ω) = C

(
ω

ω0

)→ε

[1 ↑ A sin(ϖH0ω + ϱ)] . (3)

Here, A, ϖ, and ϱ set the amplitude, frequency, and phase
of the oscillations, respectively. We have introduced the
Hubble rate today H0 in order to make ϖ dimensionless;
very roughly, ϖ sets the number of oscillations executed
over the age of the Universe. The power-law index ς

specifies the smooth component of the potential, and is
therefore related to the time-averaged equation of state
of the field. In the most general construction, ω0 and C

are free parameters; however, as shown in Ref. [27], the
monodromic k-essence scenario admits a tracking solution
during matter domination when A = 0. In this work, we
initialize the field on this tracking solution, in which case
C and ω0 are fully determined by the present-day dark
energy density. See Ref. [27] for the precise form of this
tracking solution.

To better understand how the parameters in Eq. (3)
influence the cosmological expansion history, Fig. 1 shows
how variations in each parameter individually a!ect the
dark energy density (top), equation of state (middle), and

2
This is in contrast to the more familiar quintessence scenario,

where the accelerated expansion is driven by the potential of

a canonical scalar field. It is straightforward to construct a

monodromic quintessence model [27]; however, this model cannot

cross the phantom divide, and is therefore of less observational

interest given the dark energy scenarios preferred by DESI.
3

Any p(ω, X) = K(ω)X + L(ω)X
2

with L(ω) →= 0 can be cast into

this form via a field redefinition [40].

Hubble parameter (bottom). From left to right, we vary
the amplitude A, power-law index ς, frequency ϖ, and
phase ϱ, holding all other parameters fixed at their fiducial
values of A = 0.5, ς = 0, ϖ = 25, and ϱ = 0. We fix H0,
”m, and ”b, thus anchoring the present-day dark energy
density and expansion rate. All parameters except the
frequency are varied across the prior ranges used in our
fiducial analysis. For the frequency, we show variations
across a broader range of values than our fiducial prior
(15 ↔ ϖ ↔ 30) to highlight values of ϖ that are either
too small to produce significant oscillations since dark
energy domination, or too high to be resolved given the
redshift binning of the DESI DR2 dataset (indicated by
the vertical gray dashed lines).

Each parameter introduces distinct features in the back-
ground history: increasing A enhances the amplitude of
oscillations in φDE(z) and wDE(z), while variations in
ς shift the time-averaged equation of state and tilt the
time-evolution of the dark energy density. Changes in
ϖ and ϱ modulate the frequency and phase of wDE(z),
respectively. By varying all of these parameters, the mon-
odromic k-essence model can accommodate a broad range
of oscillatory features in the dark energy evolution.

Thus far, our discussion has focused solely on the impact
of monodromic k-essence at the background level. How-
ever, dark energy models that cross the phantom divide
generally violate the null-energy condition (NEC). This is
problematic, since such violations are often accompanied
by gradient instabilities, which happen if the squared
sound speed of dark energy perturbations becomes nega-
tive, leading to exponential growth of perturbations on
all scales [41, 42]. Ref. [43] argued that these instabilities
can be kept under control by adding higher-derivative
terms to the action, which are generically expected in a
theory with a finite cuto!. Gradient instabilities arise
in the monodromic k-essence model for a vast range of
the parameter space considered here. Although including
higher-derivative terms could, in principle, stabilize the
theory, a complete treatment of perturbations in mon-
dromic dark energy is left to a future work. Here, we
conservatively constrain the monodromic k-essence model
using observations that are insensitive to dark energy
perturbations. In Appendix A, we present a modification
to the monodromic k-essence model that can mitigate gra-
dient instabilities while allowing for oscillations of similar
amplitude in the equation of state of dark energy.

III. DATASETS AND METHODOLOGY

In this section, we describe the datasets and analysis
choices used to constrain the monodromic k-essence model.
Given the theoretical uncertainties and model-dependence
of modeling dark energy perturbations for models that
cross the phantom divide, we constrain the monodromic
k-essence scenario including only information at the back-
ground level. In particular, we do not use a full CMB
likelihood, which encodes information about dark en-
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Ṽ (ω)

Dark Energy can cross 
phantom divide



• If observations indicate w goes below -1, 
have we ruled out “ordinary” dark energy?

• Canonical scalar field: yes

• Not true in general: could have equation of 
state that varies around w=-1

• Monodromic k-essence: 

FS (2017)

<latexit sha1_base64="AbyNSE6CkbW6AYg6ZQxEGEamqXE="></latexit>

p(ω) = X + V (ω) → w =
ω̇2/2↑ V (ω)

ω̇/2 + V (ω)

<latexit sha1_base64="zOBNdadULJgjLu8LK8TGyCqc7CA="></latexit>

X → ↑1

2
(ωµε)

2

<latexit sha1_base64="vNyJ6/ABfxyCmtJPaE391U6FkkU="></latexit>

p(ω, X) = Ṽ (ω)
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II. MONODROMIC DARK ENERGY

In this section, we review the main aspects of the mon-
odromic dark energy model. We refer the reader to
Ref. [27] for more details. Our starting point is a spa-
tially flat universe with a scalar field ω that drives the
late-time accelerated expansion. To accommodate a rich
set of expansion histories, including phantom crossing, we
consider a field which drives accelerated expansion via its
kinetic energy, often referred to as k-essence [39, 40].2 To
this end, we consider the following action,

S =

∫
d
4
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→

↑g

[
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PlR + p(ω, X) + Lm

]
, (1)

where M
2
Pl ↓ 1/(8εGN) is the reduced Planck mass,

p(ω, X) is a function of the scalar field, ω, and its ki-
netic energy, X ↓ ↑ 1
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µω

ϑµωϑωω. For convenience, we
normalize the field such that ω has units of time, or in-
verse mass, and hence X is dimensionless. We focus on a
pure k-essence model up to quadratic order in the kinetic
energy, i.e.,3

p(ω, X) = V (ω)[↑X + X
2], (2)

where the “potential” is given by

V (ω) = C

(
ω

ω0

)→ε

[1 ↑ A sin(ϖH0ω + ϱ)] . (3)

Here, A, ϖ, and ϱ set the amplitude, frequency, and phase
of the oscillations, respectively. We have introduced the
Hubble rate today H0 in order to make ϖ dimensionless;
very roughly, ϖ sets the number of oscillations executed
over the age of the Universe. The power-law index ς

specifies the smooth component of the potential, and is
therefore related to the time-averaged equation of state
of the field. In the most general construction, ω0 and C

are free parameters; however, as shown in Ref. [27], the
monodromic k-essence scenario admits a tracking solution
during matter domination when A = 0. In this work, we
initialize the field on this tracking solution, in which case
C and ω0 are fully determined by the present-day dark
energy density. See Ref. [27] for the precise form of this
tracking solution.

To better understand how the parameters in Eq. (3)
influence the cosmological expansion history, Fig. 1 shows
how variations in each parameter individually a!ect the
dark energy density (top), equation of state (middle), and

2
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cross the phantom divide, and is therefore of less observational

interest given the dark energy scenarios preferred by DESI.
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Any p(ω, X) = K(ω)X + L(ω)X
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this form via a field redefinition [40].

Hubble parameter (bottom). From left to right, we vary
the amplitude A, power-law index ς, frequency ϖ, and
phase ϱ, holding all other parameters fixed at their fiducial
values of A = 0.5, ς = 0, ϖ = 25, and ϱ = 0. We fix H0,
”m, and ”b, thus anchoring the present-day dark energy
density and expansion rate. All parameters except the
frequency are varied across the prior ranges used in our
fiducial analysis. For the frequency, we show variations
across a broader range of values than our fiducial prior
(15 ↔ ϖ ↔ 30) to highlight values of ϖ that are either
too small to produce significant oscillations since dark
energy domination, or too high to be resolved given the
redshift binning of the DESI DR2 dataset (indicated by
the vertical gray dashed lines).

Each parameter introduces distinct features in the back-
ground history: increasing A enhances the amplitude of
oscillations in φDE(z) and wDE(z), while variations in
ς shift the time-averaged equation of state and tilt the
time-evolution of the dark energy density. Changes in
ϖ and ϱ modulate the frequency and phase of wDE(z),
respectively. By varying all of these parameters, the mon-
odromic k-essence model can accommodate a broad range
of oscillatory features in the dark energy evolution.

Thus far, our discussion has focused solely on the impact
of monodromic k-essence at the background level. How-
ever, dark energy models that cross the phantom divide
generally violate the null-energy condition (NEC). This is
problematic, since such violations are often accompanied
by gradient instabilities, which happen if the squared
sound speed of dark energy perturbations becomes nega-
tive, leading to exponential growth of perturbations on
all scales [41, 42]. Ref. [43] argued that these instabilities
can be kept under control by adding higher-derivative
terms to the action, which are generically expected in a
theory with a finite cuto!. Gradient instabilities arise
in the monodromic k-essence model for a vast range of
the parameter space considered here. Although including
higher-derivative terms could, in principle, stabilize the
theory, a complete treatment of perturbations in mon-
dromic dark energy is left to a future work. Here, we
conservatively constrain the monodromic k-essence model
using observations that are insensitive to dark energy
perturbations. In Appendix A, we present a modification
to the monodromic k-essence model that can mitigate gra-
dient instabilities while allowing for oscillations of similar
amplitude in the equation of state of dark energy.

III. DATASETS AND METHODOLOGY

In this section, we describe the datasets and analysis
choices used to constrain the monodromic k-essence model.
Given the theoretical uncertainties and model-dependence
of modeling dark energy perturbations for models that
cross the phantom divide, we constrain the monodromic
k-essence scenario including only information at the back-
ground level. In particular, we do not use a full CMB
likelihood, which encodes information about dark en-
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FIG. 2: Evolution of the energy density (⇢K , top), equation
of state (wK , middle), and sound speed squared (bottom) of
the monodromic k-essence model. The frequency ⌫ is given
in units of M�1

Pl .

Correspondingly, all of ⇢K ,X, wK and c
2
s oscillate around

the values given by the scaling solution, with approxi-
mately

⇤2
⌫

2⇡H
⇡ ⌫MPl

2⇡
(22)

oscillations per Hubble time. While the amplitude of os-
cillations in ⇢K , and hence the Hubble rate H, are con-
trolled by the field amplitude and are hence of order A/⌫,
the oscillations in wK and c

2
s are proportional to '̇, which

oscillates with amplitude A. This will become relevant in
the observable e↵ects considered in Sec. V. As shown in
[41], no pathologies arise in k-essence when crossing the
phantom divide wK = �1, as long as the sound speed
vanishes at the crossing, and as long as gradient instabil-
ities are countered by higher-derivative terms neglected
in the action Eq. (11). The former is precisely what hap-
pens in monodromic k-essence, as is clear from Eq. (17)
(see also Fig. 2). We will discuss in Sec. IV whether brief
episodes of tachyonic behavior can be allowed. Note that,
by appropriate choice of ↵ and A, one can ensure that
c
2
s > 0 always. This however restricts the allowed range
of oscillation amplitudes significantly.

Fig. 2 shows the evolution of the k-essence energy den-
sity and equation of state as well as sound speed squared
obtained from a numerical integration of Eq. (15) [which
is quite close to the result of the analytical approxima-
tion Eq. (21)]. The initial conditions are again taken
from the tracking solution at a ⇡ 10�4, and the con-
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a potential in this model, and so the field does not get
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2
s = 1 always holds for quintessence.
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straint exists for the k-essence case.
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where cs = 1, in the k-essence case we have to confront
the issue of gradient instabilities [42]. Within the comov-
ing sound horizon of the k-essence field, defined as

Rs(a) ⌘
|cs(a)|
aH

⇡ 150h�1 Mpc

✓
|cs(a)|
0.05

◆
, (23)

an additional e↵ective pressure force becomes relevant
in the dynamics of the k-essence fluid. In particular, it
sources a relative velocity divergence ✓mK ⌘ @x,i(viK �
v
i
m) between k-essence and matter, where @x denotes a
derivative with respect to comoving coordinates, whose
evolution equation is given by

✓̇mK +H✓mK +
c
2
s

1 + wK
a
�1r2

x�K = 0 , (24)

where �K is the fractional energy density perturbation in
the k-essence component and we have assumed |c2s| ⌧ 1.
If c2s < 0, this leads to an exponential growth instability
in the dark energy component, known as gradient insta-
bility, as �K is itself sourced by �✓mK . We can formally
integrate Eq. (24) to yield a stability constraint given by

Z ln a

0
d ln a0H�1(a0)DK(a0)

c
2
s(a

0)

1 + wK(a0)
> 0 , (25)

whereDK(a) = �K(k, a)/�K(k, 1) is the k-essence growth
factor which is in general scale dependent and a compli-
cated function of time. Let us first consider large-scale
perturbations whose time scale 1/! = 1/k is longer than
one oscillation period of the field. From Eq. (22), this
implies

k

aH
. ⌫MPl

2⇡
. (26)

For these perturbations, the episodes of tachyonic be-
havior are too short to allow instabilities to grow. We
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• Fine at the background level, but DE perturbations suffer 
tachyonic instabilities if cs2 < 0

• k-essence case naturally has cs2 << 1; in fact, cs2 ~ (1+w) in 
1+w -> 0 limit, leading to tachyonic instabilities as 1+w < 0

• These can be dealt with consistently if

• Higher-derivative contributions are present:

• cs2 stays infinitesimally below 0

• Lowers cutoff of the theory, but not ruled out. 

Creminelli, D’Amico, Noreña, Vernizzi (2009)
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on c
2
s

when wDE drops significantly below →1. However,
it is not di!cult to come up with k-essence-like models
that satisfy the constraint. An example is given by

p(ω, X) =
M̄

4

2
(2X → 1)2 → F (ω) + G(ω)(2X + 1) (A4)

F (ω) = V0

[
1 → Ã sin(ε̃H0ω)

]
(A5)

G(ω) = V0Ãε̃H0 cos(ε̃H0ω). (A6)

where M̄ ↑
(
H0M

2
Pl

)1/3
, thus avoiding Jeans instabilities,

and V0 ↑ 3H2
0M

2
Pl can be adjusted to match the present-

day dark energy density similarly to the model considered
in the main text.

This model exhibits a sound speed c
2
s

that remains
above →10→40, i.e. in the regime where gradient instabili-
ties are stabilized by the higher-derivative contribution,
even when considering parameter values for Ã, ε̃ that lead
to rapid oscillations in wDE with amplitude of order 0.1.
In the future, it would be worth performing a background-
and perturbation-level analysis of this model as well.

In Eq. (A4), we have not written the higher-derivative
contribution, as its precise form is not important on cos-
mological scales. Possible choices are [43]:

”LDE,h.deriv. = → M̄
2

2
[↭ω + 3H(ω)]2 or (A7)

→ M̄
3

2
[↭ω + 3H(ω)] (2X → 1) , (A8)

where the H(ω) correction removes the contribution to
the background for simplicity.

Appendix B: Impact of DESI LRG2 Data

In this appendix, we explore whether the oscillation scales
preferred by the DESI DR2 BAO data are influenced by
the LRG2 measurements. As detailed in Abdul Karim
et al. [11], the DESI LRG2 measurements are in mild
tension (1.5ϑ → 2.6ϑ depending on assumptions about
correlation) with previous measurements from the Sloan
Digital Sky Survey (SDSS) [76–78]. Additionally, the
best-fit monodromic dark energy scenarios explored in
the main text generally try to fit the dip in the LRG2
parallel BAO distance measurement (see the left panel
of Fig. 2). Consequently, we reanalyze the monodromic
dark energy scenario without the LRG2 data.

Fig. 5 shows the marginalized posteriors for the mon-
odromic dark energy parameters for the datasets consid-
ered in this work, excluding the DESI DR2 LRG2 mea-
surements. Compared to our fiducial analysis (Fig. 3),
the constraints on the frequency ε become significantly
weaker. [FS: I removed a couple statements on evidence
being driven by the LRG2 data point, which we also make
in the main text. I think this conclusion is clear to the
reader without explicitly stating it.] Additionally, notice
that the constraints without LRG2 prefer higher values
of ε. This is a prior volume e#ect as the higher frequency
oscillations require larger amplitudes to significantly mod-
ify the expansion history (see Fig. 1). [FS: I have a bit
di!culty following the logic here on prior volume, can
you expand/rephrase?]

Fig. 6 compares the marginalized posteriors for the
QCMB+ DESI BAO dataset combination, with and with-
out the LRG2 data, to those obtained using a mock

<latexit sha1_base64="xy3KWTvo19Uo6sYjH1HzL0Acxhc="></latexit>

ω̈ε → ↑c2sk
2ωε+

k4

M̄2
ωε+ . . .

e.g., from
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• An example viable model (due to Marco Celoria):

• Oscillations with amplitude Δw ~ 0.1 around w = -1 
easily possible while satisfying constraints on 
instabilities and having cutoff > eV scale.

Goldstein, Celoria, FS (2025)
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et al. [11], the DESI LRG2 measurements are in mild
tension (1.5ϑ → 2.6ϑ depending on assumptions about
correlation) with previous measurements from the Sloan
Digital Sky Survey (SDSS) [76–78]. Additionally, the
best-fit monodromic dark energy scenarios explored in
the main text generally try to fit the dip in the LRG2
parallel BAO distance measurement (see the left panel
of Fig. 2). Consequently, we reanalyze the monodromic
dark energy scenario without the LRG2 data.

Fig. 5 shows the marginalized posteriors for the mon-
odromic dark energy parameters for the datasets consid-
ered in this work, excluding the DESI DR2 LRG2 mea-
surements. Compared to our fiducial analysis (Fig. 3),
the constraints on the frequency ε become significantly
weaker. [FS: I removed a couple statements on evidence
being driven by the LRG2 data point, which we also make
in the main text. I think this conclusion is clear to the
reader without explicitly stating it.] Additionally, notice
that the constraints without LRG2 prefer higher values
of ε. This is a prior volume e#ect as the higher frequency
oscillations require larger amplitudes to significantly mod-
ify the expansion history (see Fig. 1). [FS: I have a bit
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Fig. 6 compares the marginalized posteriors for the
QCMB+ DESI BAO dataset combination, with and with-
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• 3 free parameters (FS 2017 model) in 
addition to Ωde, potential tilt α <=> mean w: 

• amplitude, frequency, phase of 
oscillations

• Exclude all observables sensitive to 
perturbations here

• Similar fit quality to DESI BAO + SN as    
w0, wa

• Mean w consistent with -1 (motivated by 
theory as well); then, only 1 more free 
parameter than w0, wa !
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FIG. 2. Left panel: Comparison of the transverse (top) and parallel (bottom) BAO distance measurements for !CDM and
monodromic dark energy models. Squares indicate DESI DR2 measurements. Measurements and theoretical predictions are
plotted relative to the baseline (QCMB+DESI DR2 BAO) best-fit !CDM model. The black, blue, and red lines show best-fit
predictions for monodromic dark energy models using the baseline dataset alone, and in combination with Pantheon-Plus and
DESY5 supernovae data, respectively. Right panel: Comparison of supernovae distance moduli for !CDM and monodromic dark
energy models. For clarity, we show distance moduli relative to the best-fit !CDM cosmology from the baseline (QCMB+DESI
DR2 BAO) dataset combined with the particular supernovae sample shown in each panel: Pantheon-Plus (top) and DESY5
(bottom). Gray squares indicate supernovae measurements, which have been combined using inverse-variance weighting for
visualization. As detailed in the text, the absolute magnitude calibration is fixed to the best-fit value obtained by fitting the
unbinned supernovae data under the reference !CDM model in each panel.

prediction for the particular baseline+SN dataset shown
in each panel. That is, the top (bottom) panel shows
results relative to the best-fit baseline+Pantheon-Plus
(DESY5) !CDM cosmology. As the supernovae data are
uncalibrated, we need to adopt an absolute magnitude
calibration for visualization purposes. To this end, we
compute the best-fit (MAP) absolute magnitude for each
supernovae dataset by fitting the unbinned supernovae
distance moduli at fixed cosmology, assuming the best-fit
reference !CDM cosmology used in each panel.

Fig. 3 shows the marginalized posteriors for the key
monodromic dark energy and !CDM parameters ana-
lyzed in this work. For the baseline dataset (gray), the
constraints on the amplitude, frequency, and phase of
oscillations are largely prior dominated. However, the
degeneracy between the frequency (ω) and the phase (ε)
indicates that this dataset combination has a preferred
oscillation scale. As discussed in detail in Appendix B,
this preference is primarily driven by the “dip” in the
LRG2 BAO distance measurements compared to !CDM.

Our constraints that include supernovae data are sen-
sitive to the particular supernovae sample. While the
baseline+Pantheon-Plus dataset (blue) is consistent with
the !CDM limit (A = 0), the baseline+DESY5 dataset

(red) suggests a mild preference for a non-zero amplitude,
A = 0.44+0.15

→0.12 at the 68% C.L. These findings are consis-
tent with previous studies of dynamical dark energy with
supernovae data, which have found that DESY5 tends
to exhibit a stronger preference for evolving dark energy
than Pantheon-Plus.

We also find that including supernovae data leads to
a preference for a specific oscillation frequency, ω → 23,
although we emphasize that this is partially driven by
our informative prior on the frequency, 15 ↑ ω ↑ 30. As
shown in Appendix C, relaxing this prior to 5 ↑ ω ↑ 35
yields a multimodal posterior, indicating that current
data are compatible with a broad range of oscillation
frequencies. Finally, we note that the combination of the
CMB, BAO, and supernovae place strong constraints on
ϑ, favoring oscillations about wDE = ↓1 (ϑ = 0).

To quantitatively assess if there is a preference for
monodromic k-essence over !CDM, we compute the ”ϖ

2

between the best-fit k-essence and !CDM models for
each dataset combination considered in this work. These
values, along with the corresponding preference in ϱ, de-
rived from Wilks’ theorem [59], are reported in Table I.
For the baseline and baseline+Pantheon-Plus dataset we
find negligible (1.5ϱ and 1.0ϱ, respectively) preference
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DR2 BAO) dataset combined with the particular supernovae sample shown in each panel: Pantheon-Plus (top) and DESY5
(bottom). Gray squares indicate supernovae measurements, which have been combined using inverse-variance weighting for
visualization. As detailed in the text, the absolute magnitude calibration is fixed to the best-fit value obtained by fitting the
unbinned supernovae data under the reference !CDM model in each panel.

prediction for the particular baseline+SN dataset shown
in each panel. That is, the top (bottom) panel shows
results relative to the best-fit baseline+Pantheon-Plus
(DESY5) !CDM cosmology. As the supernovae data are
uncalibrated, we need to adopt an absolute magnitude
calibration for visualization purposes. To this end, we
compute the best-fit (MAP) absolute magnitude for each
supernovae dataset by fitting the unbinned supernovae
distance moduli at fixed cosmology, assuming the best-fit
reference !CDM cosmology used in each panel.

Fig. 3 shows the marginalized posteriors for the key
monodromic dark energy and !CDM parameters ana-
lyzed in this work. For the baseline dataset (gray), the
constraints on the amplitude, frequency, and phase of
oscillations are largely prior dominated. However, the
degeneracy between the frequency (ω) and the phase (ε)
indicates that this dataset combination has a preferred
oscillation scale. As discussed in detail in Appendix B,
this preference is primarily driven by the “dip” in the
LRG2 BAO distance measurements compared to !CDM.

Our constraints that include supernovae data are sen-
sitive to the particular supernovae sample. While the
baseline+Pantheon-Plus dataset (blue) is consistent with
the !CDM limit (A = 0), the baseline+DESY5 dataset

(red) suggests a mild preference for a non-zero amplitude,
A = 0.44+0.15

→0.12 at the 68% C.L. These findings are consis-
tent with previous studies of dynamical dark energy with
supernovae data, which have found that DESY5 tends
to exhibit a stronger preference for evolving dark energy
than Pantheon-Plus.

We also find that including supernovae data leads to
a preference for a specific oscillation frequency, ω → 23,
although we emphasize that this is partially driven by
our informative prior on the frequency, 15 ↑ ω ↑ 30. As
shown in Appendix C, relaxing this prior to 5 ↑ ω ↑ 35
yields a multimodal posterior, indicating that current
data are compatible with a broad range of oscillation
frequencies. Finally, we note that the combination of the
CMB, BAO, and supernovae place strong constraints on
ϑ, favoring oscillations about wDE = ↓1 (ϑ = 0).

To quantitatively assess if there is a preference for
monodromic k-essence over !CDM, we compute the ”ϖ
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between the best-fit k-essence and !CDM models for
each dataset combination considered in this work. These
values, along with the corresponding preference in ϱ, de-
rived from Wilks’ theorem [59], are reported in Table I.
For the baseline and baseline+Pantheon-Plus dataset we
find negligible (1.5ϱ and 1.0ϱ, respectively) preference

• 3 free parameters (FS 2017 model) in 
addition to Ωde, potential tilt α <=> mean w: 

• amplitude, frequency, phase of 
oscillations

• Exclude all observables sensitive to 
perturbations here

• Similar fit quality to DESI BAO + SN as    
w0, wa

• Mean w consistent with -1 (motivated by 
theory as well); then, only 1 more free 
parameter than w0, wa !

Monodromic           
k-essence and DESI

Goldstein, Celoria, FS (2025)
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monodromic dark energy models. Squares indicate DESI DR2 measurements. Measurements and theoretical predictions are
plotted relative to the baseline (QCMB+DESI DR2 BAO) best-fit !CDM model. The black, blue, and red lines show best-fit
predictions for monodromic dark energy models using the baseline dataset alone, and in combination with Pantheon-Plus and
DESY5 supernovae data, respectively. Right panel: Comparison of supernovae distance moduli for !CDM and monodromic dark
energy models. For clarity, we show distance moduli relative to the best-fit !CDM cosmology from the baseline (QCMB+DESI
DR2 BAO) dataset combined with the particular supernovae sample shown in each panel: Pantheon-Plus (top) and DESY5
(bottom). Gray squares indicate supernovae measurements, which have been combined using inverse-variance weighting for
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prediction for the particular baseline+SN dataset shown
in each panel. That is, the top (bottom) panel shows
results relative to the best-fit baseline+Pantheon-Plus
(DESY5) !CDM cosmology. As the supernovae data are
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calibration for visualization purposes. To this end, we
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distance moduli at fixed cosmology, assuming the best-fit
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(red) suggests a mild preference for a non-zero amplitude,
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→0.12 at the 68% C.L. These findings are consis-
tent with previous studies of dynamical dark energy with
supernovae data, which have found that DESY5 tends
to exhibit a stronger preference for evolving dark energy
than Pantheon-Plus.

We also find that including supernovae data leads to
a preference for a specific oscillation frequency, ω → 23,
although we emphasize that this is partially driven by
our informative prior on the frequency, 15 ↑ ω ↑ 30. As
shown in Appendix C, relaxing this prior to 5 ↑ ω ↑ 35
yields a multimodal posterior, indicating that current
data are compatible with a broad range of oscillation
frequencies. Finally, we note that the combination of the
CMB, BAO, and supernovae place strong constraints on
ϑ, favoring oscillations about wDE = ↓1 (ϑ = 0).

To quantitatively assess if there is a preference for
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between the best-fit k-essence and !CDM models for
each dataset combination considered in this work. These
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• 3 free parameters (FS 2017 model) in 
addition to Ωde, potential tilt α <=> mean w: 

• amplitude, frequency, phase of 
oscillations

• Exclude all observables sensitive to 
perturbations here

• Similar fit quality to DESI BAO + SN as    
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• Mean w consistent with -1 (motivated by 
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FIG. 3. Marginalized posterior distributions for the key monodromic dark energy and other cosmological parameters analyzed in
this work. Constraints are shown for datasets combining Planck CMB and DESI BAO (gray), with the addition of Pantheon-Plus
supernovae (blue), and DESY5 supernovae (red).

A ω ε ϑ !m H0 [km/s/Mpc] ”ϖ
2

Base: QCMB+DESI — (0.58) →0.06+0.06
→0.09 (→0.08) — (15.2) — (→2.2) 0.297 ± 0.011 (0.281) 68.9 ± 1.3 (71.0) -7

Base+Pantheon-Plus < 0.44 (0.25) 0.03 ± 0.06 (0.01) — (22.1) — (0.2) 0.307 ± 0.006 (0.308) 67.7 ± 0.6 (67.5) -5

Base+DESY5 SN 0.44+0.15
→0.12 (0.47) 0.01 ± 0.06 (0.00) 22.6+1.6

→1.5 (22.8) 0.5 ± 1.2 (0.5) 0.313 ± 0.006 (0.314) 67.0 ± 0.6 (66.9) -16

TABLE I. Marginalized constraints on monodromic dark energy and other cosmological parameters for the datasets considered
in this work. For each dataset, we report the posterior mean and 68% two-tailed C.L. for all parameters that are detected at
> 2ω, otherwise we report the one-tailed 95% C.L.; “—” denotes parameters that are entirely constrained by the prior at 2ω.
Maximum a posteriori values are shown in parentheses. The final column reports the !ε2 values computed with respect to a
”CDM cosmology.

for monodromic k-essence over !CDM. Conversely, for
the baseline+DESY5 data, the monodromic k-essence
scenario is preferred at 3ω. This strong dependence on
the supernovae dataset underscores the need for consis-
tent supernovae data in order to draw robust conclusions
about dynamical dark energy [60]. Finally, as detailed
in Appendix B, if we exclude the DESI LRG2 data, this
preference drops to 0.3ω, 0.6ω, and 2.4ω, for the baseline,
baseline+Pantheon-Plus, and baseline+DESY5 datasets.

This indicates that the LRG2 measurements plays a sig-
nificant role in our monodromic k-essence constraints,
particularly in the absence of Type Ia supernovae data.

For comparison, assuming the w0-wa parametriza-
tion, we find ”ε

2 = →8, →7 and →18 for the baseline,
baseline+Pantheon-Plus, and baseline+DESY5 datasets,

Monodromic k-essence 
and DESI

Goldstein, Celoria, FS (2025)



• 3 free parameters (FS 2017 model) in 
addition to Ωde, potential tilt α <=> mean w: 

• amplitude, frequency, phase of 
oscillations

• Exclude all observables sensitive to 
perturbations here

• Similar fit quality to DESI BAO + SN as    
w0, wa

• Mean w consistent with -1 (motivated by 
theory as well); then, only 1 more free 
parameter than w0, wa !
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FIG. 3. Marginalized posterior distributions for the key monodromic dark energy and other cosmological parameters analyzed in
this work. Constraints are shown for datasets combining Planck CMB and DESI BAO (gray), with the addition of Pantheon-Plus
supernovae (blue), and DESY5 supernovae (red).

A ω ε ϑ !m H0 [km/s/Mpc] ”ϖ
2

Base: QCMB+DESI — (0.58) →0.06+0.06
→0.09 (→0.08) — (15.2) — (→2.2) 0.297 ± 0.011 (0.281) 68.9 ± 1.3 (71.0) -7

Base+Pantheon-Plus < 0.44 (0.25) 0.03 ± 0.06 (0.01) — (22.1) — (0.2) 0.307 ± 0.006 (0.308) 67.7 ± 0.6 (67.5) -5

Base+DESY5 SN 0.44+0.15
→0.12 (0.47) 0.01 ± 0.06 (0.00) 22.6+1.6

→1.5 (22.8) 0.5 ± 1.2 (0.5) 0.313 ± 0.006 (0.314) 67.0 ± 0.6 (66.9) -16

TABLE I. Marginalized constraints on monodromic dark energy and other cosmological parameters for the datasets considered
in this work. For each dataset, we report the posterior mean and 68% two-tailed C.L. for all parameters that are detected at
> 2ω, otherwise we report the one-tailed 95% C.L.; “—” denotes parameters that are entirely constrained by the prior at 2ω.
Maximum a posteriori values are shown in parentheses. The final column reports the !ε2 values computed with respect to a
”CDM cosmology.

for monodromic k-essence over !CDM. Conversely, for
the baseline+DESY5 data, the monodromic k-essence
scenario is preferred at 3ω. This strong dependence on
the supernovae dataset underscores the need for consis-
tent supernovae data in order to draw robust conclusions
about dynamical dark energy [60]. Finally, as detailed
in Appendix B, if we exclude the DESI LRG2 data, this
preference drops to 0.3ω, 0.6ω, and 2.4ω, for the baseline,
baseline+Pantheon-Plus, and baseline+DESY5 datasets.

This indicates that the LRG2 measurements plays a sig-
nificant role in our monodromic k-essence constraints,
particularly in the absence of Type Ia supernovae data.

For comparison, assuming the w0-wa parametriza-
tion, we find ”ε

2 = →8, →7 and →18 for the baseline,
baseline+Pantheon-Plus, and baseline+DESY5 datasets,



• Reconstruction of w(z) and k-essence “potential” 7
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FIG. 4. Constraints on the redshift evolution of the monodromic k-essence equation of state (top) and potential (bottom) for the
datasets considered in this work. White lines show the posterior mean, while gray bands indicate the 68% and 95% confidence
levels. For reference, the solid black line indicates wDE = →1, and the red dot-dashed line denotes the best-fit w0–wa model for
each dataset combination. Note that the oscillatory features in this plot are partially driven by our informative prior on the
frequency.

respectively.6 Thus, the physically motivated monodromic
dark energy model can achieve !ω

2 improvements compa-
rable to those of the phenomenological w0-wa parametriza-
tion, albeit with a larger number of free parameters. Using
Wilks’ theorem, these values correspond to a preference of
2.4ε, 2.3ε, and 3.8ε, respectively. This preference drops
to 1.4ε, 1.8ε, and 3.3ε when the LRG2 data are excluded.

Finally, we turn the parameter constraints into con-
straints on the redshift evolution of the dark energy equa-
tion of state and (generalized) potential V (z), which are
shown in Fig. 4 (top and bottom panels, respectively),
marginalized over all other parameters. We show the
results for the baseline (left), baseline+Pantheon-Plus
(middle), and baseline+DESY5 (right) datasets. The
solid white line shows the posterior mean and the gray
lines denote the 68% and 95% two-tailed confidence limits.
For comparison, we also show the best-fit equation of state
in the w0-wa model for each dataset combination (red dot-
dashed). For all datasets, the equation of state roughly
oscillates around the cosmlogical constant wDE = →1. We

6
These !ω

2
values are smaller than those reported in Table VI

of the DESI analysis [11] because we use the late-time marginal-

ized CMB likelihood. Importantly, our !ω
2

value for the

DESI+QCMB dataset matches their result using the late-time

marginalized CMB likelihood (listed as DESI+(ε→ ϑb ϑbc)CMB.

note that the constraints here are qualitatively consistent
with oscillatory features in the non-parameteric recon-
struction from Gu et al. [15] (see also [12] for previous
eBOSS results). Therefore, the monodromic k-essence sce-
nario is capable of reproducing the oscillatory signatures
found in data-driven reconstructions of dark energy.

V. CONCLUSIONS

In this work, we have presented the first observational
constraints on monodromic k-essence — a physically mo-
tivated dynamical dark energy model capable of realizing
rapid oscillations in wDE(z) about the phantom divide.
Using CMB, BAO, and Type Ia supernovae observations,
we constrain the amplitude, frequency, phase, and power-
law index of the (generalized) k-essence potential. We
find that the combination of CMB and DESI DR2 BAO
data are consistent with the standard ”CDM model, and
adding Pantheon-Plus supernovae measurements strength-
ens the preference for ”CDM over monodromic k-essence.
In contrast, including DESY5 supernovae leads to a mild
preference (3ε) for monodromic k-essence. For all dataset
combinations considered, the preference for monodromic
dark energy (and w0-wa) is partially driven by the DESI
LRG2 BAO distance measurements. Finally, we showed
that the monodromic k-essence model can fit current BAO

Monodromic           
k-essence and DESI

Goldstein, Celoria, FS (2025)



Dark matter and relics
• Light relic searches are well motivated (Gerbino, 

Lattanzi) — these could also have finite mass

• Smooth transition to warm DM, but allow for CDM 
component

• Current constraints on non-CDM (WDM, FDM, 
SIDM) usually assume 100% non-CDM

• PBH searches on the other hand constrain fPBH…

• Should we allow for CDM component when 
constraining the temperature and/or interactions of 
DM? —> Mixed DM



Mixed dark matter

Verdiani,  Castorina, Salvioni, Sefusatti (2025)
Celik, FS (2025)
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Figure 9: Forecasted constraints on ωfw for warm components with di!erent masses
obtained for two di!erent surveys in redshift space. Blue circles (filled and empty) show
the results obtained for PFS. The survey specifications, redshift bin, and value of kmax
are identical to those used in the analysis shown in Fig. 6. Red squares (filled and empty)
show the results for DESI. Empty points correspond to a model that neglects contributions
from the relative modes, while filled points use the full model with b

fid
r = f

fid
w b

fid
1 .

bias formalism to MDM scenarios. Previous work on related MDM scenarios has neglected
the contributions of relative perturbations to galaxy statistics [23,24].

We derived analytical solutions for the total and relative perturbations using a fluid
description, valid outside the free-streaming scale of WDM, k → kfs (but with no restriction
on the WDM mass fraction fw), and showed that, in addition to a constant relative-density
mode R0, a logarithmically growing relative mode, Rp, emerges due to the e!ective pressure
of warm dark matter. These modes imprint additional contributions to the galaxy power
spectrum, characterized by new bias parameters b

r
ω and b

r
ε. We incorporated these e!ects

into both real- and redshift-space power spectra, enabling a consistent comparison with
future observational data on large scales.

Using a Fisher matrix analysis, we forecast the constraining power of upcoming galaxy
surveys such as PFS and DESI on the warm dark matter fraction fw for a range of particle
masses. We found that including relative modes introduces parameter degeneracies—–
particularly between fw and b

r
ω—–which degrade constraints on fw by up to a factor of 2.5

for light warm components (e.g., mw = 10 eV). However, for heavier warm components
(mw ↭ 80 eV), the relative modes become suppressed, and their impact on parameter
constraints diminishes significantly. We also examined the potential bias in fw that arises
from incorrect assumptions about the relative bias b

r
ω. In the minimum-mass case, these

shifts can reach up to 3.7ω for DESI and 5.6ω for PFS, depending on the choice of fiducial
values. These results highlight the sensitivity of fw to the inclusion of relative modes

– 22 –

• Interesting effects in LSS — scale-
dependent feature at some kfs with 
amplitude controlled by frelic/WDM

• Discovery window depending on 
z and number density of surveys

• Relative density & velocity modes 
from early universe — need to be 
taken into account in bias expansion 
but also have unique signatures

• EFTofLSS and galaxy bias expansion 
become nontrivial — two 
complementary approaches pursued

Forecast



Summary… <latexit sha1_base64="EyTE/UkLiPBsVBjVpSF9UNoWi6c="></latexit>

ωc, ωb, Mω , h, As, ns, (!!)

• … of my two cents on current constraint analyses:

• Need to assume some inflation prior

• Neutrino mass constraints are complicated, dataset- and prior-
dependent—do not lend themselves to catchy summaries

• Issues with w0-wa ; use pivot redshift at least, and consider 
models with more interesting phenomenology

• Opening up dark matter constraints beyond the 100% single 
component


